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We are concerned with a phase field system consisting of two partial differential 
equations in terms of the variables thermal displacement, that is basically the time 
integration of temperature, and phase parameter. The system is a generalization 
p ' of the well-known Caginalp model for phase transitions, when including a diffu- 

sive term for the thermal displacement in the balance equation and when dealing 
with an arbitrary maximal monotone graph, along with a smooth anti-monotone 
function, in the phase equation. A Cauchy-Neumann problem has been studied for 
such a system in [7], by proving well-posedness and regularity results, as well as 
convergence of the problem as the coefficient of the diffusive term for the thermal 
displacement tends to zero. The aim of this contribution is rather to investigate the 
\ asymptotic behaviour of the problem as the coefficient in front of the Laplacian of 

the temperature goes to 0: this analysis is motivated by the types III and II cases 
■ in the thermomechanical theory of Green and Naghdi. Under minimal assumptions 

^vO ■ on the data of the problems, we show a convergence result. Then, with the help of 

uniform regularity estimates, we discuss the rate of convergence for the difference 
| of the solutions in suitable norms. 

Key words: phase field model, initial-boundary value problem, regularity of solu- 
tions, convergence, error estimates. 
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1 Introduction 

In this paper we consider the initial and boundary value problem 

w t t-aAwt- (3Aw + u t = f infix(0,T) (1.1) 
u t - Au + -f(u) + g(u) 3 w t infix(0,T) (1.2) 
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d n w = d n u = on T x (0, T) (1.3) 

w(-,0) = w , w t {-,0) = v o , u(-,0) = u o in Q (1.4) 

where C f 3 is a bounded domain with smooth boundary T, T > represents some finite 
time, and d n denotes the outward normal derivative on T. Moreover, / is a given source 
term in equation ( II. ip . ~g : R — > R is a Lipschitz-continuous function, and 7 : R — > 2 R is a 
maximal monotone graph (cf., e.g., [4] or [3]): as 7 can be multivalued, in f ll.2p there is 
the inclusion instead of the equality. Finally, Wq, Vq, Uq stand for initial data. 

Problem f ll.ip -f TT~4"|) has been studied in the paper [7J when a and are two positive 
coefficients; also, still in [7J the asymptotic behaviour of the problem as /3 \ has 
been investigated. The interest of this new contribution is to examine the asymptotic 
properties of fll.ip - fll.4l) as a \ 0, being (3 > fixed once and for all. Indeed, both 
asymptotic investigations are interesting and deserve to be investigated, in such a way 
that the results proved in this paper give a completion to those of [7J. 

Let us point out that the coupled equations fll.ll) - fll.2p form a system of phase field 
type. From the seminal work of Caginalp and coworkers (see, e.g., [51 Ej) it became 
clear that phase field systems are particularly suited to represent the dynamics of moving 
interfaces arising in thermally induced phase transitions. In our case, we consider the 
following expression for the total free energy 

tt(0,«) = J (~f 2 -9u + <P(u) + G(u) + ^\Vu\ 2 ^ (1.5) 

where the variables 9 and u denote the (relative) temperature and the order parameter, 
respectively. We remark at once that our w represents the thermal displacement variable, 
related to 9 by 

W(; t) =W + (1*0)(; t) =W + ( 9{; s) ds, t E [0,T\. (1.6) 

Jo 

The integrand in (11.51) is characterized by the presence of different terms: the first one 
yields the concave purely caloric contribution, the second is the only term coupling the two 
variables, + G is a function acting on u and the last one is accounting for surface effects. 
The convex and lower semicontinuous function : [0, +oo] — > R satisfies 0(0) = = min0 
and its subdifferential d<fr coincides with 7, while G stands for a smooth, in general concave, 
function such that G' = g. A typical example for 0(n) + G{u) is offered by the double 
obstacle case, in which 

m = = 1° X [ | M | - ] , G(u) = \-u\ (1.7) 

l+oo if \u\ > 1 

the two wells of + G being located in —1 and +1: actually, one of the two is preferred as 
minimum of the potential in (jl.5p . according to whether the temperature 9 is negative or 
positive. The above example perfectly fits with the systematic view and designs of Michel 
Fremond in non-smooth Thermomechanics [12]. In the case of fll.7p . the subdifferential 
of the indicator function of the interval [—1, +1] reads 

f< if u = -1 
= if M < 1 
> if u = +1 
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so that here 7 = c?Ir_i +11 is really a graph with vertical lines. Let us also note that even 
a multi-well potential may be considered in ( 11.50 : indeed, it turns out that the function 
u \-> —9u + <p(u) + G{u) can exhibit different wells according especially to the shape of G 
in the region where <fi 7^ +00. 

A different word used for the variable w in (11.60 is "freezing index" : this terminology is 
motivated by earlier studies on the Stefan problem [ITJ [1] and preferred by some authors 
(cf. [T71 02] )• We notice that a meaningful variable of the Stefan problem is the enthalpy 
e, which is defined as minus the variational derivative of \1/ with respect to 9: 

e = —dgty, whence e = 9 + u = w t + u. (1.8) 

Then, the governing balance and phase equations are given by 

e t + divq = / (1.9) 

u t + d u ^ = (1.10) 

where q denotes the thermal flux vector and d u ^> stands for the variational derivative 
of \1/ with respect to u. Hence, ( 11.100 reduces exactly to (11.21) along with the Neumann 
homogeneous boundary condition for u. On the other hand, if we assume the classical 
Fourier law 

q = _V0 = -Vw t 

(for the moment let us take the heat conductivity coefficient just equal to 1), then (11.90 is 
nothing but the usual energy balance equation as in the Caginalp model [5]. One obtains 
the same equation as in the weak formulation of the Stefan problem, in which however 
(11.21) is replaced by the mere pointwise inclusion u G (<9/[_i i+ i]) (9), that equivalently 
reads <9/[„i i+ i](u) 3 w t . 

An alternative approach to the Fourier diffusive law consists in adopting the so-called 
Cattaneo-Maxwell law (see, e.g., [El EDI HE] and references therein) in which a time deriva- 
tive of the flux appears: 

q + £ q t = -V0, for s> small. (1.11) 

The Cattaneo-Maxwell law leads to the following equation 

e9 tt + 9 t -A9 + u t + eu tt = f + ef t in ft x (0,T), 

which has been investigated in [181 E2]- On the other hand, solving (11.110 with respect 
to q yields 

q = qo + k £ * V9, where (k £ * V9)(x, t) := / k £ (t — s)V9(x, s)ds; 

Jo 

qo(x, t) is known and can be incorporated in the source term, while k e (t) is a given kernel 
depending on e. Then, from (11.91) and a prescription like q = qo + k * V6* for some fixed 
kernel k, we obtain the balance equation for the standard phase field model with memory 
which has a hyperbolic character and has been extensively studied in [El [9] . 

Green and Naghdi (see [T3l fT^l fT5l fT6j) presented an alternative treatment for a ther- 
momechanical theory of deformable media. This theory takes advantage of an entropy 
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balance rather than the usual entropy inequality. If we restrict our attention to the heat 
conduction, these authors proposed three different hypotheses, labeled as type I, type II 
and type III, respectively In particular, when type I is linearized, we recover the classical 
Fourier law (in terms of thermal displacement) 

q = -oVwi, a > 0. (1.12) 

Type II is characterized by 

q=-pVw, 13 >0. (1.13) 
Moreover, a linearized version of type III reads 

q = -aVw t - (3Vw. (1.14) 

We point out that (I1.13I) - (I1.14I) laws have been recently discussed, applied and compared 
by Miranville and Quintanilla in [19| |20l [2TJ (there the reader can find a rich list of 
references as well). In particular, our equation ( II. ip reflects the use of fl!.14j> . along with 
(11.91) and (11.81) . in deriving it; further, a no flux boundary condition for q yields d n w = 
in (JT3D. 

Here we are: the system (jl.lj) — (jl.4D comes as a consequence of (jl.9p — (jl.lOp when 
(11.51) and (11.141) are postulated. Existence, continuous dependence, and regularity of 
the solution to the initial-boundary value problem fll.ip - fll.4B have been studied in [7J. 
Observe that 7 is an arbitrary maximal monotone graph, therefore 7 may be multivalued, 
singular and with bounded domain. To this concern, in addition to the example (11.71) we 
also mention the singular case investigated in [21] for a convex potential <fi with the same 
interval [— 1,+1] as domain, but with 

(f)(u) = «i((l + u) ln(l +u) + (1 - «)ln(l - u)), 

and for g(u) = G'(u) = —2k u, where the meaningful constants Kq, K\ have to satisfy 
< K\ < k . 

An interesting issue is of course the investigation of the asymptotic behaviour of the 
solutions to problem (ll.ip -( TO|) as one of the two parameters a or j3 tends to 0. In [7] we 
have examined the limiting case \ 0, keeping a > fixed and obtaining convergence 
of solutions to the analogous problem with /3 — 0, which corresponds to fl!.12j) . i.e., the 



type I case of Green and Naghdi. The paper [7J also deals with two error estimates of the 
difference of solutions in suitable norms, showing a rate of convergence that is linear with 
respect to (3 in both estimates. 

When discussing the limit with a > fixed, one can always exploit the properties of 
the parabolic term —aAw t . This is no longer possible in the study of the limit as a \ 0, 
which is the objective of the present paper. Indeed, if we let a \ and hold (3 > 
fixed, we are led to the analog of problem fll.ip — (11.4p with a = 0, in which equation ( II. ip 
becomes hyperbolic. This limiting situation gives account of the type II hypothesis (I1.13P 
of Green and Naghdi. 

A change of variable turns out to be useful in obtaining estimates which does not 
depend on a. Let y denote the time-integrated enthalpy (cf. ( II. 8p ) 



y = w + 1 * u. 
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Then, problem (ll.l]) -( ITH)) appears to be equivalent, in terms of (y, u), to the problem 

y tt -aAy t - f3Ay = -aAu- 0A(l*u) + f in ft x (0, T) (1.15) 

u t - Au + 7(u) + g{u) 3 y t inftx(0,T) (1.16) 

d n y = d n u = on T x (0, T) (1.17) 

y(-,0) = w , y t (-,0) = v + u , u(-,0)=u in ft, (1.18) 

where the function g is defined by g(s) = ~g(s) + s for all s G M and results Lipschitz- 
continuous whenever g is. Let us notice that in the case a = problem fll.15p -f n.18p 
reduces to a system for which well-posedness and regularity results have been proved 
in 

By this change of variables, and dealing with some technicalities, we are able to provide 
a priori estimates on the solution of fll.15p - fll.18p . independent of a, which allow us to 
state a convergence result as a \ and prove it via compactness arguments. Then we 
investigate the bahaviour of the difference of the solutions to the problems with a > 
and a = 0: a first estimate on the convergence rate is obtained, although it is not linear 
but of order 1/2 in a. Stronger regularity estimates independent of a are then provided, 
and they enable us to produce also a linear estimate for the convergence rate, but only 
in the case when 7 is a smooth single-valued function defined on the whole real line. 
This assumption, although limitative, is not unrealistic, because it covers the physically 
relevant case of the well-known 'double-well' potential [5] given by 

4>{u) + G(u) = ^(u 2 - l) 2 , so that 7(1*) = km 3 and g{u) = (1 - k)u , (1-19) 

for some positive coefficient k. 

The paper is organized as follows. In Section [2] we present the main results related to 
the problem: the existence and uniqueness of a weak solution for both cases a > and 
a = 0, the convergence theorem as a \ 0, the regularity results yielding a strong solution 
and the first error estimate, the further regularity properties on the phase variable u and 
the enthalpy yt, and finally the second error estimate. Next, in Section [3] we recall a useful 
lemma for parabolic problems and then prove the convergence result. Strong solutions and 
the first estimate on the order of convergence are discussed in Section HI The concluding 
Section |5] is devoted to the case of a smooth potential <fi and it contains the proofs of the 
additional regularity estimates and of the linear rate of convergence for the difference of 
solutions in suitable norms. 



2 Notation and main results 

Before stating clearly the formulation of the problem and the main results we achieve, we 
recall some notation. Let ft C IR 3 be a bounded smooth domain, with boundary V = <9ft, 
and let T > be some final time. Set 

Q t = ftx(0,t), Q = Q T , 

H = L 2 (n) 1 V = H\n), W = {v G # 2 (ft) : d n v = a.e. on T} . 
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We embed H in V, by means of the L 2 (Q) inner product: 

(h, v) = (h, v) H for all h G H , v G V ; 

we warn that \\-\\ H means the norm of both H and H 3 . If a is a function of space and 
time variables, we define the function 1 * a by the formula 

(1 * a )(t) = [ a(s)ds, < t < T. 
Jo 

The symbol c stands for different positive constants, depending on Q, T and the data, 
which stay bounded whenever a, (3 vary in a bounded subset of (0, +oo). In particular, 
for the sake of simplicity let us assume that 

0<«<1. (2.1) 

Any positive constant depending on the Q, T and the data, which may tend to +oo when 
j3 \ but stays bounded as a \ 0, will be denoted by cp. 

For the sake of clarity, we call D a = {u>o, Q , wo,«, wo,«, fa}, (y a ,Ua,£,a) the family of 
data and the solution of the problem fO^ - fOk (cf. also (Q]) -fOft). while D = 
{w , m , Vq, /} and (y, u, £) will denote the variables of related problem with a = 0. 



Now we deal with the assumptions on data. We require that 

0<a<l, (3>0 (2.2) 

7 C R x IR maximal monotone graph, with 7(0) 3 (2-3) 

<f) : M. — y [0, +00] convex and lower semicontinuous, with 0(0) = and d<fr = 7 (2.4) 

g : IR — > IR Lipschitz-continuous (2-5) 

f a G W U (0, T; V) + ^(0, T; H) (2.6) 

%, a g V , v , a g H , M 0ia g # , 0(w o ,a) g L 1 ^) ; (2.7) 

we also assume, for the norms of the data, a bound independent of a: 

WfaWwiA^T-y^+^iO^H) + iFo.ally + IK.aHtf + Ipo.alltf + ll</>( M 0,a) Hii(n) - C - ( 2 -8) 



We denote the effective domain of 7 with D^). Now, we are ready to formulate precisely 
the problem as subsequent to the change of variable. 

Problem (P a;i g). Find (y a ,u a ,^ a ) satisfying 

y a G W 2,1 (0, T; 1/') n W 1 ' 00 ^, T; H) R L°°(0, T; 1/) 

M a G ^(0, T; V) n C° ([0, 1 1 ]; if) n L 2 (0, T; V) 

£ Q G L 2 (Q) , u a G D(7) and £ a G 7(u Q ) a.e. in Q 

(<9 2 ?/ a (t), v) + a (V% a (t), Vv) H + /3 (Vy a (t), = a (Vu a (t), Vv) H 
+/3(V(1 * u a ){t), Vv) H + (f a (t),v) for all ueF and a.a. t G (0,T) 



(2.9) 

(2.10) 
(2.11) 

(2.12) 
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(d t Ua(t),v) + (Vu a (t),Vv) H + (£ a (t),v) H + (g(u a )(t),v) H = (d t y a (t),v) H 

for all v E V and a.a. t E (0, T) 

y a (0) = w , a in F, d t y a (0) = v 0tO , + w 0)Q in V, u a (0) = u , Q in iJ. (2.14) 
We obtain the formulation of problem (Pp) by setting a = in problem (P Q] ^). 

Problem (Pp). Find (y,u,£) satisfying 

y E W 2,1 (0, T; V) n W 1,oc (0, T; if) n L°°(0, T; V) (2.15) 

it 6 if^O, T; V) n C° ([0, T];H)n L 2 (0, T; 1/) (2.16) 

£EL 2 (Q), ueD(j) and fe 7 (u) a.e. in Q (2.17) 

*>) + P (Vy(t), Vv) H = (3 (V(l * u)(t), Vv) H + (f(t),v) 

for all «67 and a.a. t E (0, T) 

(d t u(t),v) + (Vu(t), Vv) H + (£(t),v) H + (g(u)(t),v) H = (d t y(t),v) H 

for all v E V and a.a. t E (0, T) 

y(0) = w in y, %(0) = ^o + wo in V, u(0) = u in H. (2.20) 



(2.18) 
(2.19) 



Proposition 2.1 (Well-posedness) . Under the assumptions f l2.2p - fl2.7p for both the 
families of data D a and T), the two problems (P a ,p) and (Pp) admit unique solutions 
(y a ,Ua,£a) and (y,u,£), respectively. 

For the well-posedness of problem (P a ,p) we refer to Theorem 2.1], while the proof 
of the corresponding result for (Pp) can be found in [9], with the warning that the reader 
should argue with y — wq (in place of y) since in the framework of [9] the initial value for 
the related variable is 0. 

In this work, we are interested in the limit as a \ for problem (P a ,p)', so, what really 
affect us are the estimates for (y a , u a , £ a ) independent of a, rather then mere regularity 
results for problem (Pp). For this reason, all the results are stated in terms of the two 
families of data D n and D. 



Theorem 2.2 (Convergence as a \ 0). Assume (12.21) - f)2.8p and let the families of 
data D a and D satisfy 

f a ^f inW^(^T-V')+L l (^T-H) (2.21) 

WO, a — ^ Wo inV, Vo, a Vo , Mo, a — ^ Uq in H . (2.22) 

Then, the convergences 

y a ^*y m^ 1 ' oo (0,T;^)nL oo (0,T;^) 

u a ^u ffl^Tiy'jni^T^), ia^i mL 2 (Q) 
hold as a \ 0. 
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Now, we strenghten the hypotheses on the initial data and on /, in order to obtain a 
strong solution to problem (Pp). In addition, we are able to provide an estimate on the 
convergence error, when a \ 0. Let us suppose that 

f a e W 1 ' 1 ^, T; H) + L\0, T; V) (2.23) 

w , a eW, v , a eV, u , a eV (2.24) 

ll/tt|lw 1 > :t (0,T;fl')+£ 1 (0,T;V) + H^aH^y + ll u 0,a|lv + || u 0,a||y — c - (2.25) 



Theorem 2.3 (Regularity and strong solution). Assume (I2.2p - (l2.8p . In addition, 
let ( I2.2ip -( l2.25p hold for T> a and T>. Then the solution (y,u,£) of problem (Pp) 
fulfills 

y e W 2 '\0, T- H) n W 1,oc (0, T; V) n L°°(0, T; W) (2.26) 
u G -£^(0, T; iJ) fl C° ([0, T]; V) fl L 2 (0, T; W) . (2.27) 
In particular, (y,u,£) solves a strong reformulation of problem (Pp), namely, 

d?y-(3Ay = -/3A(1 * u) + / o.e. mQ (2.28) 

<9 t w - Am + f + a(w) = % , f e 7(m) a. e. in Q (2.29) 
d n y = d n u = a. e. onT x [0, T] . (2.30) 



Theorem 2.4 (First error estimate). Let the assumptions fl2.2p - fl2.8p and f )2.23p - 
(I2.25P hold; if the inequalities 

Wfa — f \\w 1 - 1 {0,T;V')+L 1 (0,T;H) — ca ^ 2 (2-31) 
\\w ,a ~ W \\ v + \\v ,a ~ V \\ H + ||w ,q - Uo|| H < C« 1/2 (2.32) 

are fulfilled, then the following estimate 

1 /2 

WUa — y\\w 1 >< x >(0,T;H)nL ,x >(0,T;V) + W Ua ~ U II L°° (0,T;H)(1L 2 (0,T;V) — C /? a 

/ioWs /or i/je convergence error. 

Remark 2.5. Thanks to the informations we get on u a — u, and being y = w + 1 * u, the 
estimate for y a — y entails an analogous one for w a — w, which was the original variable 
of the problem. The same will happen for all the estimates presented in the paper. 

The subsequent result provides an L°° estimate on u. For s£%), let 7°(s) be the 
element of 7(5) having minimum modulus; we ask that 

u 0sCt eW, Ho,« £ a.e. in 

ft, 7°K a )e# (2.33) 
l|wo,a|liv + ||7°(wo,a)|| H < c. (2.34) 
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Theorem 2.6 (Regularity for it). Assume fl2.2p -f l2T8]) and let T> a , D satisfy the 
conditions f l2.2ip - fl2.25p . fl2.33p -( 12.34p . Then the solutions (y a ,u a ,^ a ), (?/,«,£) of 
the respective problems (P a ,p) > (Pp) fulfill 

u a: u E W 1,o °(0, T; H) n H\0, T; V) n L°°(0, T; W) . (2.35) 

All the results stated above hold for a domain Q C ~R N , where the dimension N is 
arbitrary. Note in particular that (I2.35P implies u a , u e C°([0, T]; H S {VL)) for all s < 2 
(cf., e.g., [231 Sect. 8, Cor. 4]). On the other hand, il we let N < 3, the Sobolev embedding 
H s (tt) m> C°(n), holding for s > 3/2, ensures that 

u e c°(q) . 

The subsequent results deal with the particular case, which is still physically significa- 
tive, in which 7 is a smooth function, defined on the whole of R. We require that 

7 : R — > R is single-valued and locally Lipschitz-continuous (2.36) 

f a eL\Q), u , a eH 3 (Q)nw, \\f a \\ 

L 2 (Q) + \\ u 0,a\\ H 3 (n) < C. (2.37) 

Let us point out that the conditions (12.361) and (12.371) together entail fl2.33p -f l2.34p . because 
7°(wo,a) = j(uo,a) remains bounded in L°°(Q) (<^-> H). 

Theorem 2.7 (Further regularity on u). Assume (12. 2p - (12.81) and let D a and D 
fulfill (12.211) - (I2.25P and (12.371) ; we also ask that 7 satisfy (I2.36p . Then the solutions 
(Ua, u a , (, a ) and (y, u,£) of the respective problems (P a< p) and (Pp) satisfy 

u a: u E H 2 (0, T; H) n W 1,c °(0, T; V) H H\0, T; W) . 

Finally, we provide regularity enough to obtain an L°° bound on dty and a better 
estimate on the convergence error. Let 

f a E W 2 '\0, T; H) + W 1 ' 1 ^, T; V) (2.38) 

v , a E W , «A?;o, a + (3Aw ,a + f Q (0) E V (2.39) 

\\aAv , a + PAw , a + f a {0)\\ v < c. (2.40) 

Theorem 2.8 (Further regularity on y). Let flZgp -flZgP, (JMU) -(JOSD and (J23BJ- 
(12.401) /10W. Then the solutions (y a , u a , £ a ) o,nd (y, u, of the respective problems 
{P a ,p) and (Pp) satisfy 

y a , y E W 2 '°°(0, T; V) n W 1>oo (0, T; W) . (2.41) 
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Theorem 2.9 (Second error estimate). Assume fl2T2j) -f l2~8j) . f rZ23|) - fl2T25|) . f l2~36]) - 
(I2.40p and let the inequalities 

Wfa — /|lw%i(o,T;V0+£ 1 (°> T ;- H ') — ca (2.42) 

\\W0,a - Wo\\ v + \\v ,a ~ V \\ H + W U 0,a ~ Uo\\ v < COL (2.43) 

be satisfied. Then, the following estimate 

\\Ua — y\\w 1 '°°(p,T-,H)nL °(p l T;V) (r> 

. II II < \ ZA V 

\\ U a U \\H 1 (0,T;H)nC ([0,T};V)nL 2 (0,T;W) — C P a 

holds true for the convergence error. Moreover, if 

Wfa ~ f\\ W ^(0,T;H)+Li(0,T;V) + IN,a ~ W \\ W + ||Uo,« ~ V \\y < CCX 1/2 , (2.45) 

then we also have 

\\Va ~ y\\w 1 - ac (0,T;V)nL°°(0,T;W) — C l 3 01 ^ ' (2.46) 

Remark 2.10. Focusing on regularity of the domain Q, all the proofs contained in this 
paper work if standards results on Sobolev embedding and elliptic regularity apply. For 
instance, if Q C M 3 is a convex polyhedron, then all the results of this paper remain true. 



3 Preliminary results and convergence as a \ 

For the reader's convenience, let us recall some results widely exploited in this paper. If 
a, b G L 2 (Q) and a > is an arbitrary parameter, by the Holder and Young inequalities 
it is easy to infer that 

ab<±- [ t \\a(s)\\ 2 H ds+^ f \\b{s)\\ 2 H ds. (3.1) 



2(7 J " 2 

Furthermore, if a G if 1 (0,T; H), by the fundamental theorem of calculus and the Holder 
inequality we have 

2 



\a(t)\\ 2 



a(0)+ f d t a(s)ds < 2 ||a(0) f H + 2T f \\d t a(s)\\ 2 H ds . (3.2) 
Jo a Jo 



Finally, the following lemma states a well-known property of parabolic problems. For the 
sake of completeness, let us report a short proof. 

Lemma 3.1. Let h G L 2 (Q) and z G V . Then, the problem 

d t z — Az = h a.e. in Q 

d n z = a.e. on T x [0, T] , z(0) = Zq a.e. in Q 
admits exactly one solution, which fulfills 

\\ Z \\m{0,T;H)nC {[0,T};V)f\L 2 (0,T;W) — C {ll^Hy + INIl 2 (Q)} ' 0*-3) 
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Proof. The existence of a solution for this problem can be proved via an approximation- 
passage to the limit scheme, such as, for instance, the Faedo-Galerkin method. The esti- 
mates needed to pass to the limit, by compactness arguments, are now formally provided. 
We test the equation with d t z and integrate over Q t , obtaining: 



J ||^(s)||^ s + i||V^)||^<i||V. ||^ + ^ \\K8)\\ 2 E d8 + ±J \\d t z(s)\\ 2 H ds. 
Such an inequality, combined with (13. 2p . directly yields 



\\ Z \\m{0,T;H)C\L°°(0,T;V) — C |ll Z o||^+ ll'"lll,2(Q) 

Then, by comparison in the equation and on account of the homogeneous boundary 
conditions, we obtain the estimate on ||z||_ L 2( 0T .Hn as well. Setting / = and z = 0, the 
previous inequality imply z = 0, thus entailing the uniqueness of solutions. □ 



Now we are ready to face the proof of Theorem I2.2L Firstly, we establish estimates 
independent of a on the solution (y a , u a , £ a ) of problem (P a ,p)) then, we pass to the limit 
for a suitable subsequence, with compactness arguments. As we already know (cf. [9]) 
that Problem (P/j) has a unique solution, we will obtain the convergence of the whole 
family (y a , u a , £ Q ). 

First a priori estimate We aim to test (I2.12p by d t y a and (12.131) by U(x '• clS the 
former could be only formal due to regularity (12.91) . we adopt the technique of singular 
perturbations to regularize y a ; all the results we need can be found, for example, in [9], 
Prop. 6.1 and 6.2, p. 505, Prop. 6.3, p. 506]. Hence, for e > and a. a. t G (0, T), we 
define y a ,e(t) G V as the solution of the elliptic problem 

y a ,e{t) + e 2 Jy a . £ {t) = y a (t) , 

where J is the Riesz isomorphism V — > V. Since 

y a G W 2 '\0, T; V) D W 1 ' 00 ^, T; H) n ^(0, T; V) , 

then it follows that y a ^ £ G W 2,1 (0, T; V) and moreover, as e \ 0, 

y a , e ^y a mW 1 ' oo (0,T;H) (3.4) 

y a , £ - y a in H\0,T; V) , whence y a , e y a in C° ([0,T]; V) . (3.5) 

We begin with testing equation (12 . 1 3[) with u a (t) G V and integrating over Q t . Recalling 
that 7 is monotone and g is Lipschitz-continuous, it is straightforward to get 

1 2 [' 2 

2lk*wlltf+ / W^ u ^ s )\\ H ds 



t t (3-6) 

1 n2 1 f 2 f 2 

< ^\Wo, a \\ H + - J \\d t y a (s)\\ H ds + c J \\u a (s)\\ H ds + c. 
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Convergence properties for a phase field system 



Now we test equation (I2.12p with dty atE (t), integrate over Q t , and pass to the limit as 
e\0; it is convenient to treat each term separately. Thus, by Prop. 6.2] and (13. 5p . we 
have 

ft 11 

lim / (d 2 y a {s),d t y a , e {s)) ds = - \\d t y a {t)\\ 2 H - - \\v 0)a + u , a \\ 2 H , 
£ \0 Jo z z 

lima / Vd t y a ■ Vd t y a , e = a / || Vd t y a {s) f H ds , 
£ V> JQ t Jo 

and, since (v, z) i— > (Vv, Vz)h gives a bilinear, symmetric, continuous and weakly coercive 
form in V x V, by [HI Prop. 6.3] we find out that 



hm/3 / Wy a ■ Vd t y a , e = 77 \\VVa(t)\\ 2 H - - \\Vw 0:a \\ 2 H . 

jQ t * * 

Before dealing with the terms on the right-hand side, let us sum up and see that 



2 



1 2 /** 2/9 

2 II^owIIb- + a J \\Vdty a (s)\\ H ds + - \\y 

< ~ \\Vo, a + Uo !a f H + ^ ||Vw ,a||^ + ^ ||j/a(*)||H 

+ lim^a/ Vu a • Vd t y a , £ + P / V(l * u a ) ■ Vd t y a , £ + / (f a (s),d t y a . e (s))ds 

(3.7) 

where we have added the same quantity (cf. ( 13. 2p ) 

§||y«(*)||fl (^P\M\ 2 H + TpJ \\d t y a (s)f H d8^ 
to both sides. We now deal with the right-hand side of (13.71) and note that 

lima / Vu a ■ Vd t y atE = a / Vu a Vd t y a <a \\Vu a (s)\\ 2 H ds+^ \\Vd t y a (s)\\ 2 H ds . 
JQt JQt Jo 4 Jo 

The other term involving u a is treated by time integration by parts: thanks to (13. 2p and 
(13. ip we have that 

lim/3 / V(l * u a ) ■ Vd t y ay£ = (3 lim { (V(l * u a )(t), Vy a , £ {t)) H - / Vu a ■ Vy a , £ \ 

£ \° jQ t £ \° I jQ t J 

<5/3T^ \\Vu a (s)\\ 2 H d S +^\\Vy a (t)\\ 2 H + ^j \\Wy a (s)\\ 2 H ds 

Finally, we fix a decomposition 

t _/•(!) , m - fh II f (i)|| +|lf( 2 )|l <r (3 81 

Ja — Ja TJa i Wiuu ||,/ a 1 1 VK 1 . 1 (0,T; V) 'II ■'a IIl 1 (0,T;J?) — 
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We integrate by parts in time the term containing and exploit (I2.14p and (13.4p -( l3"3|) 
to obtain 

lim f (jf\s),d t y a , £ (s))ds 



e\0 

= lim \(fW(t),y a , £ (t)) - </W(0) )2 / Q , £ (0)> - / (d t fi 1 \s),y a , £ (s))ds 



e\0 



< | W^C + f WVaWWv + \ 11/^(0)11^ (3-9) 

+ olN,a||y + / ll^/POOlL hazily ds 



2 

< ^ ll^lll^o + § llv«(*)llv + ^ \Ml + £ llft/^Wllw lly«(0llv^ • 

Recalling (13 .4p . we easily get 

l™[\fL 2) (s),d t y a , £ (s))ds= ( fWd t y a < fWfV&WxWdty^Wxds. 

£ ^J0 JQ t JO 

Now, we collect all the inequalities referring to (13. 7p . Owing to ( 12. ip . (12. 8p and (13.81) . we 
infer that 

\ \\d t y a (t)\\ 2 H + y[ \my a (s)\\ 2 H ds + | ||y a (i)|| 2 v 

^c^ + c / ||% a (5)||^d5 + (l + 5/3T) / ||Vu a (s)|£ds + c t \\Vy a (s)\\ 2 H ds (3.10) 
Jo Jo Jo 



Then, let us multiply (13.61) by (2 + 5/3T) and add the resulting inequality to (13.101) . 
obtaining 

\K(t)f H + f \\Vu a {s)\\ 2 H ds+ 1 - \\d t y a (t)\\ 2 H + f jf ||Vfty ( a )||i cfe + | ||y (t)||J 

<cAl+ f \\u a (s)\\ 2 H ds + [ \\d t y a (s)\\ 2 H ds + [ \\Vy a (s)\\ 2 H ds 
I Jo Jo Jo 

+ ri|ft/ a w («)IUlly«(<)llv^+ f\\f!?(*)\\ B \\8tvM\\Hd* 



at this point, a generalised version of the Gronwall lemma, which is stated in [21 Teo- 
rema 2.1, p. 245], allows us to conclude that 

\\ya\\w 1 -°°{0,T]H)nL o °{0,T]V) + V® Ill/a! lljfl(0,T;V) + W Ua II L°°{0,T;H)C\L 2 (0,T;V) — C P ■ (3-H) 

Remark 3.2. Estimate ( 13.1 ip can be easily modified in order to provide the continuous 
dependence on the data for problem (P a /3 ). Indeed, taking the difference between the 
equations associated with two sets of data D a tl and D a ^ 2 , the resulting system is formally 
analougous to (P a ,p) an d can be treated similarly; the only difference is the term in g(u a ), 
which is replaced by g(u ai i) — g(u a ^)- We obtain an estimate where the constant in the 
right-hand side is independent of a. 
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Convergence properties for a phase field system 



Second a priori estimate. In order to prove the next estimate, we need to approx- 
imate the graph 7 with its Yosida regularization; therefore, for all e > we define 

7 e :=-{/ — (/ + £7) -1 } and e (s) := mm |— |r — s| 2 + 0(r)| forsGlR, 

where I denotes the identity on M. We remind that <p £ is a nonnegative and differentiable 
function, r y £ is increasing and Lipschitz-continuous: moreover, we have that 

<^(s) = 7 £ (s), 0<7^(s)<-, O<0 £ (s)<0(s) for all s G R and e > (3.12) 

(see, e.g., [U Prop. 2.6, p. 28 and Prop. 2.11, p. 39] or [31 pp. 57-58]). We establish an 
estimate for the solution (y a , u a , £ a ) to problem (P Qi/ g), in which we have replaced 7 by 
7 e ; then, the same estimate will hold for the original problem, because of the passage to 
the limit as e \ already detailed in [7]. 

We notice that 7 e (w)(t) e V for a.a. t, due to the Lipschitz-continuity of j £ , and so it 
is an admissible test function for equation (12.131) . The Lipschitz-continuity of g and the 
formula 

d 

%(u a ) d t u a = —4> E (u a ) 

allow us to write 



\\M u a)(t)\\ LHn) + / %(u a )\Vu a \ + / \\j e (u a )(s)\\ H ds 
Jo Jo 

< \\M u o, a )\\mu) + J \\ d ty a (s)\\ 2 H ds + c J \\u a (s)f H ds + c +\ \\le(u a )(s)f H ds. 

We ignore the second term in the left-hand side, which is positive because of 7^ > 0, and 
use (J3"TT2"|) . (IZgjl and (I3TTT]) to get 

1 " 



\\Mu a )(t)\\ LHn) + g y o ll7 e («a)(a)|lH<fc<c^. 

As e — >■ pointwise (see [U Prop. 2.11, p. 39]), by applying the Fatou lemma to the 
first term and passing to the limit as e \ we obtain 

ll0( u a)|| L »( O ,Tj£i(n)) + II&*IIl2 ( q) < c /3 • (3-13) 
By comparison in the equation (12. 13p . we also deduce that 

(3.14) 



Passage to the limit as a \ 0. According to the estimates (13.111) . (13. 13j) and (|3.14|) . 
it is fair to assume, up to subsequences, 

y a ^*y mW^frT-tfjnL^TiV) 
u a ^u in H\0,T;V) nL 2 (0,T;V), £ a £ in L 2 (Q) . 
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The generalised Ascoli theorem and the Aubin-Lions lemma (see, e.g., [231 Sect. 8, Cor. 4]) 
thus imply 

Va — > V strongly in C° ([0, T]; H) 
u a — y u strongly in C° ([0, T]; V) and in L 2 (Q) , 
and the Lipschitz-continuity of g yields 

g(u a ) — > g(u) strongly in L 2 (Q) 

as a \ 0. With all this information and in view of f)2.2ip . f)2.22p it is not difficult to 
check that the limits y, u, £ form a triplet solving problem (P/3). The proof is analogous 
to the one developed in [3, Section 5]: in particular, let us point out that 

lim / £ a u a = 

<*\° J Q 

which entails (see, e.g., [31 Prop. 1.1, p. 42]) flUTTJ) . Moreover, the regularity P^ 2,1 (0, T; V) 
for y can be recovered a posteriori by comparing terms of (12.181) . 




4 Strong solutions and first error estimate 

This section is devoted to the proofs of Theorems 12.31 and 12.41 Regularity results for 
problem (P^) are obtained by establishing estimates for (y a ,u a ,^ a ) independent of a; 
then Theorem 12.21 and the weak or weak star compactness yield the desired regularity for 
(y, u,£). About the end of the section, we also discuss briefly how the thesis of Theorem l2.6l 
follows from the furher requirements in fl2.33p - fl2.34p . 

We assume that T> a and D satisfy hypotheses fl2.23p - fl2.25p . Under these assumptions, 
from [7J Theorem 2.2] we know that 

y a G W 2 '\0, T; H) n W 1 ' 00 ^, T; V) fl H\0, T; W) (4.1) 

u a e H\Q, T- H) n C° ([0, T];V)n L 2 (0, T; W) (4.2) 
and (y a , u a , ^ Q ) solves Problem (P a ,/3) in a strong sense, that is, y a and u a satisfy 

d 2 y a - aAd t y a - (3Ay a = -aAu a - /3A(1 * u a ) + f a a.e. in Q (4.3) 

d t u a - Au a + £ a + g(u a ) = d t y a , £ Q e j(u a ) a.e. in Q (4.4) 
d n y a = d n u a = a.e. on T x (0,T) (4.5) 
along with f)2.14p . for every a G (0, 1). 



Third a priori estimate. Thanks to (I4.4p - fl4.5l) . we can apply Lemma 13.11 with 
z = u a , z = u 0ja , and h = d t y a — £ a — g(u a ). Indeed, in view of the condition in f)2.25p 
for the initial datum, and owing to f)2.5p and to estimates (13 .lip and f)3.13p . from f)3.3p it 
follows that 

\\ U a\\m(0,T;H)nL°°(0,T;V)r\L 2 {0,T;W) — C /3 • (4-6) 



16 Convergence properties for a phase field system 

Fourth a priori estimate. By virtue of (I4.2|) . we can plainly multiply equation ( 14. 4 p 
by —Ad t y a an d integrate over Q t . Thus, we obtain 

\ \\Vd t y a (t)\\ 2 H + a f \\Ad t y a {s)\\ 2 H ds + | \\Ay a (t)\\ 2 H < \ ||V(t*, a + «o >a )l& 

(4.7) 



2 

2 



||Aio , a ||^ + a j Au a Ad t y a + (3 / A(l * u a ) Ad t y a - / f a Ad t y a . 

JQt JQt JQt 

A simple application of the Holder inequality allow us to infer that 

a [ Au a Adty a <% [ \\Au a (s)\\ 2 H ds + ^ [ \\Ad t y a (s)\\ 2 H ds . 

JQt Z JO 1 JO 

We deal with the subsequent term integrating by parts in time: 

13 [ A(l*u a )Ad t y a <2l3\\l*Au a (t)\\ 2 H + ^\\Ay a (t)\\ 2 H -/3 f Au a Ay a 

JQt 8 JQt 

<(3(AT+ 1) jT || Au a (s) \\ 2 H ds + ^ \\Ay a (t)\\ 2 H + £ jT || Ay a (s)\\ 2 H ds . 

Now, we choose a split 

fa = fi 1] + fP , with H/^Lm^ + ||/f|L 1(0 , T; v) < c, (4.8) 

in order to estimate the term with f a . Concerning , we integrate by parts in time and 
recall (12~25|) : 

-/ /WA^ Q = -(/( 1 )(t),Ay Q (t))^+(/«(0),A W ; 0iQ ) H + / d t fi^ Ay a 
JQt JQt 

< | Wf^^Wl + § l|Ay«(0llfl + f W£\*)\\ E \\*v*{8)\\ H ds + c. 

An integration by parts in space leads to 

-/ /f A% a < [ t \\Vf! 2 \s)\\ H \\Vd t y a (s)\\Hds. 

JQt Jo 

Collecting all these inequalities and taking advantage of ( I2.25p . ( 12. ip . (14.61) and (14.81) . 
from (14.71) we derive 



\ \\Vd t y a (t)\\ 2 H + f f \\Ad t y a (s)\\ 2 H ds + I \\Ay a (t)\\ 2 H < <* + c jf \\Ay a (s)\\ 2 H ds 

+ [ t \\dtfL 1) (s)\\ H \\Ay a (s)\\ H ds+ [ t \\Vjf\s)\\ H \\Vd t y a (s)\\ H ds. 
Jo Jo 



(4.9) 



Hence, by means of the generalised Gronwall lemma (see, e.g., [2]) and regularity proper- 
ties for elliptic problems, we obtain 

\\ya\\w 1 <°°(0,T;V)nL°°(0,T;W) + II Vol || h 1 (0,T;W) — C P ' (4-10) 
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Next, a comparison in equation ( 14 .4]) gives 



\d 2 v - f (2) ll < Ca 



(4.H) 



Thus, we have collected all the estimates needed to prove Theorem 12.31 In particular, 
note that the regularity (I2.26p - (l2.27p is enssured for the limit functions y and u, which 
actually satisfy f l2T2^|) - fl230|) . 

Error equations. We have already shown the convergence as a \ for the solu- 
tions to problem (P Qj( g); as we want to study the speed of convergence, we start writing 
explicitely the equations for the error. We set 

fa = fa - f , W , a = Wo,« ~ W , V , a = V , a ~ V , U ,a = U , a ~ U 

and subtract side by side the equations of the problems (P a ,p) an d (Pp), in their strong 
formulations: 

d 2 t y a - (3Ay a = aAd t y a - aAu a - /3A(1 * u a ) + f a a.e. in Q (4.12) 

d t u a - Au a + f Q + g(u a ) - g{u) = d t y a a.e. in Q (4.13) 
d n y a = , d n u a = a.e. on T x (0, T) (4.14) 
y a (0) = w ^ , d t y a (0) = v 0:Ot + u 0i a , u a (0) = u , a a.e. in Q . (4.15) 

When necessary, we also split f a = fi 1] + fi 2 \ where f£\ f a 2) (and also f&) fulfill 
LID, fi i} = fi i] - /« for % = 1, 2, and 



Hi) 

J a 



+ 



J a 



(4.16) 



First error estimate. Now we want to show Theorem 12.41 We multiply equation 
(I4.13P by u a and integrate over Q t ; on account of the monotonicity of 7 and the Lipschitz- 
continuity of g, it is straightforward to get 



\ ll«a(f)lljl ~ 

1 ||2 

< o «0,a Iff + C 



\Vu a (s)\\ H ds 



\u a (s)\\ H ds + - 



(4.17) 



\\d t y a (s)\\ 2 H ds . 



Next, we add f3y a to both sides of (I4.12p . then test with d t y a and integrate over Q t . With 
the help of (14.151) and (I3.2p we easily obtain 



\ \\d t ya(t)\\ 2 H + ^ \\y a (s)\\y < \ ||T5b,« + "O.allff + f 11^0,, " 



i 

2 

2 



,a\\y 



w o,a\\H-\-Tf3 I \\d t y a (s)\\ H ds + a / (Ad t y a — Au a ) d t y a (4.18) 

JO JQt 

-p( A(l*u a )d t y a + j (jfXs),d t y a (s))ds+ j &d t y a . 



Qi 
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Convergence properties for a phase field system 



The term involving a is easily treated by the Holder inequality and estimates (I4.6j) , (I4.10|) : 



a I (Ad t y a - Au a ) d t y a < — a \\ Ad t y a (s) \\ H ds + — / 

JQt 1 JO 1 JO 



\Au a (s)\\ H ds 



+ / \\dty a {s)\\ H ds < c p a+ I \\d t y a (s)\\ H ds . 



(4.19) 



Here, (12.1 j) has been used in the control of a 2 by a. For the subsequent term, we integrate 
by parts in space and time and recall (13. 2ft : 



P I A(l * u a ) d t y a < P (V(l * u a )(t), Vy a {t)) - p [ Vu a - Vy a 
Jqa Jo.t 



<5/3T \\Wu a (s)\\ 2 H ds + ^\\VUt)\\ 2 H + AT 



"Wa(s)lljj ds 

o 



(4.20) 



The next term in (14. 18p is treated similarly as in (I3.9p . We infer that 

+ 

£°°(0,T;V') 







fi 1 \s) } d t y a (s))ds<c p ff } 



2 , P 

4 



+ o HWaWllH + Tll u '0 ) a| 



+ 



PT 



WaWII? r ds+^||ii5bX + /|^ 1) 



(4.21) 



|y a (s)|| v ds 



while the other contribution of the source term is easily estimated by the Holder inequality: 



/ &d t y a < f jfHs) \\d t Us)\\ H ds. 

JQt Jo H 



(4.22) 



Now we multiply (14.171) by (1 + 5/3T) and add the resulting inequality to (I4.18p . side 
by side. In view of (05]l - (02]l and thanks to flSgp - flSg) , we deduce that 



1 2 f* 2 1 2 P 



«W NT/ 



<cpa + c \\u Q (s)\\ H ds + c 



/ 11^(5)11^ ds + c / ||Vy tt (s)|k<fa (4.23) 
Jo Jo 



^ 1} (*) \\Us)\\v ds + fi 2 \s) \\d t y a (s)\\ H ds 

V In H 



hence, the generalised Gronwall lemma (see, e.g., [2]) and (12.311) again entail the thesis of 
Theorem 12.41 



A regularity result on u. Let us formally describe how Theorem 12.61 can be proved: 
you differentiate the equation in (I4.4p with respect to time and then test by d t y a , inte- 
grating over Q t with the help of the further initial condition for d t y a (0). Such a condition 
can be still inferred from (14. 4p and, thanks to (12.341) . the initial values d t y a {0) turn out 
to be bounded in H . Moreover, you exploit the facts that 



dt£ a dtVa > 
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and that dfy a stays uniformly bounded in L^O.T; H) (cf. f HTLj) and fl2^3]l ). 

However, for a rigorous proof we refer to [TJ Section 7], where the sketched estimate 
is carried out properly, in the setting provided by the Faedo-Galerkin approximation and 
the Yosida regularisation of the graph 7. Since the estimate is independent of a, for the 
proof, as a by-product we have the desired inequality 

\\ U a\\w 1 ' ac (0,T;H)nH 1 (0,T;V)nL°°(0,T;W) — C P ' (4.24) 

which pass to the limit as a \ via compactness argument. 



5 The case of a smooth potential 



In what follows, we assume that 7 is a single-valued, non decreasing, locally Lipschitz- 
continuous function, defined on the whole of M (see (12.31) and (12.361) ). We have already 
pointed out that this assumption is restrictive but not unrealistic, as the example of the 
'double-well' potential f 1 1 . 1 9 j) shows. 

Since the hypotheses we consider on the data are strong enough to guarantee (14.241) . 
and consequently the estimate 

we have that £ a = 7(u a ) is bounded independently of a in L°°{Q). Furthermore, by the 
local Lipschitz-continuity of 7, without loss of generality we can set £ a = in (I2.13P (and 
flllD ), f = in fl2TT9|) (and fl2T29|) L f Q = in (Q5j» by modifying g in order to take 
account of 7 too. 



Further regularity on u. As we are interested in showing Theorem 12. 7\ we consider 
equation (I2.13P and derive it, with respect to time. We get a first-order equation for 
a new unknown z a = d t u a , which is complemented by Neumann homogeneus boundary 
conditions and the suitable initial condition, obtained by setting t = in (I4.4p : 

d t z a - Az a = -d t (g(u a )) + d\y a a.e. in Q , 

d n z a = a.e. in T x (0,T) 
z a (0) = An , a - g{u 0>a ) + v , a + u 0tCe a.e. in . 

We notice that the terms d t (g{u a )) and d\y a are bounded in L 2 {Q) due to (12. 5p . (I4.6P 
and fflTTTp . ( 1237) . Moreover, (IZ25]I and ( 1237]) imply that 

Amo, q — g(uo t a) + ^o,a + wo, Q is bounded in V 

independently of a. Thus, we can apply Lemma 13.11 and, on account of (I4.24p . the 
inequality (13. 3p leads the estimate 

W U a\\H 2 (0,T;H)nW 1 - oc (0,T;V)nH 1 (0,T;W) — C P ' (5-1) 

whence the thesis of Theorem 12.71 follows. 
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Convergence properties for a phase field system 



Further regularity on dty. Here, we want to prove Theorem I2.8[ whose assumptions 
are now supposed to be in force. Recalling (14. 3p . (14. 5 p and (I2.14p . it turns out that 
v a = d t y a formally satisfies 



d 2 v a — aAd t v a — f3Av a = —aAd t u a — f3Au a + d t f a a.e. in Q 



(5.2) 



d n v a = a.e. on T x (0,T) (5.3) 

v a (0) = v , a + u 0ia , d t v a (0) = aAv , a + f3Aw , a + f a (0) a.e. in Q. (5.4) 

Due to (15. ip and (I2.38p . the right-hand side in (I5.2p has exactly the same regularity here 
as its counterpart in (14. 3 p within the framework of Theorem \2.3[ The same correspondence 
holds for the initial data in (15. 4p and the related ones in (I2.14p : indeed, t> 0iQ , + u 0ja is in 
W and aAv a + (3Awo a + f a (0) lies in V due to (I2.37P and (I2.39p . Then, we have that 

( C f. flUD) 

v a e W 2 '\0, T; H) n W 1 ' 00 ^, T; V) fl ^(0, T; W) 

and v a actually satisfies (I5.2p - (I5.4I) . Then, we are allowed to test (15. 2p by — Ad t v a and 
repeat the computations developed in the Fourth a priori estimate. Thanks to (12.371) and 
(I2.40p . proceeding in this way we obtain (cf. (14. 9p ) 



\ \WtVa{t)f H + f f \\Ad t v a {s)\\ 2 H ds + I \\Av a {t)f H < 



Cp + C 



I Av a (s) \\ H ds 



+ Mfi 1 \s)\\ H \\Av a (s)\\ H ds+ \\Vd t fi 2 \s)\\ H \\VdMs)\\ H ds. 
Jo Jo 

By means of the generalised Gronwall lemma, stated in [21 Teorema 2.1, p. 245], recalling 
(12. 38 p . (I2.40p and v a = d t y a , we can conclude 



\\9tya\\w 1 ^(0,T;V)nL°°(0,T;W) + || || m(0,T;W) — C l 3 ' 

which entails (12.411) . 



(5.5) 



Second error estimate. We begin with revisiting the first estimate on the con- 
vergence error. Assume all the hypotheses of Theorem 12. 9[ and reconsider the proof of 
Theorem 12.41 we have given in Section HI We leave unchanged all the estimates we have 
already established, except the inequalities (I4.19P : indeed, from (14. 6 p and (I5.5P it follows 
that 



2 " 
Wa{S)\\ H ds+ — 



Au a (s)\\ H ds 



a [ (Ad t y a - Au a ) d t y a < ^- f \\Ad t 
JQt 1 Jo 

+ / \\d t y a (s)\\ 2 H ds < cpo? + / \\d t y a (s)\\ 2 H ds . 
Jo Jo 

By this new estimate and the assumptions (I2.42p - (l2.43p . inequality (14.231) now becomes 



2 ll"a 



h + J \\Vu a (s)\\ 2 H ds + i \\d t y a {t)\\ 2 H + ^ \\y a 



<CpOt + C I 

'o 



+ 



{s)\\ 2 H ds + c [ \\d t y a (s)\\ 2 H ds + c [ \\Vy a (s)f H ds 
Jo Jo 

\\y a (s)\\ v ds + / fi 2) (s) \\d t y a (s)\\ H ds; 
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so that the generalised Gronwall lemma (cf., e.g., [2]) and (I2.42p entail 

\\ya\\\v 1 -°°(0,T;H)nL oc (0,T;V) + II U <* II L°° (0,T;H)nL 2 (0,T;V) — C P a 



(5.6) 



Next, we consider the equation (I4.13p . where we have set £ a = 0, and apply Lemma I3TT1 
by f)2.43p . the Lipschitz-continuity of g and (15.61) we obtain 



u, 



I H 1 (0,T;H)nL°° (0,T; V)nL 2 (0,T;W) 



< C 1 ll U 0,a|| v + \\U 



li 2 (Q) 



l^|| L 2 (Q) } < c p a. (5.7) 



Then (I2.44p is entirely proved. In order to complete the proof of Theorem 12.9} we test 
equation (I4.12p with —Ad t y a (which belongs to L 2 (Q) because of the estimate (15. 5p ) and 
integrate over Q t : 



P 



1 



P 



o \\Vd t y a (W H + tt \\^y a (W H < - || V (v , a + uo, a )\\ z H + tt \\Aw Q , a 



+a / (Au a - Ad t y a ) Ad t % + P A(l * u a ) Ad t y a - / f a Ad t y a 



(5.* 



We deal with the integral involving u a and y a , which is delicate to treat. By an application 
of the Holder inequality, (I4.24p . and (15. 5p - which holds for y as well - we have 

a / (Au a - Ad t y a ) Ad t y a 

JQt 

< a (||Au Q || L2(Q) + \\Ad t y a \\ LHQ) J (j| Ad t y a \\ L2{Q) + \\Ad t y\\ L2{Q) J <c p a. 

The subsequent term is estimated by integrating by parts, with respect to time, and 
taking advantage of (13. 2p : 

P [ A(l*« a )A^ a <2/3||A(l*u a )(t)||^ + |||Ay a (t)||H ~P f An Q Ay a 



Qt 



< P (4T + 1) jf \\Au a (s)f H ds + ^ \\Ay a (t)\\ 2 H + jf \\Xv«(s)fn ds . 

Now we split f a = fa + fa , as usual, and deal on the respective terms separately, 
integrating by parts the former in time and the latter in space. We obtain 

/ f^Ad t y a <- R fi l \t) ||Ay«(f)ll2r + £ j?(0) ' 

JQt P Ho 2 H 

+ \\\^Al+ f fi 1] (s) \\AUs)\\ H ds 
z Jo H 

fa 2) ^d t y a < f vj?>(«) \\Vd t y a (s)\\ H ds. 
Jo H 

According to all these estimates, and taking (I2.45p . (15. 7p and (12. ip into account, the 
inequality (15.81) transforms into 



and 



\ \mut)\\ 2 H + § w^mwl ^ a + § / 



\Ay a {s)\\ H ds 



+ 



fa l) (s) \\Ay a (s)\\ H ds + 

H 



H 



\Vd t y a (s)\\ H ds . 
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Convergence properties for a phase field system 



In view of this inequality and (12.45]) . by the generalised Gronwall lemma (cf., e.g., [2]) we 
deduce ( I2.46P and therefore conclude the proof of Theorem 12. 91 
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